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Abstract

In a discrete routing game, each of n selfish users employs a mized strategy to ship its
(unsplittable) traffic over m parallel links. The (expected) latency on a link is determined by
an arbitrary non-decreasing, non-constant and convex latency function ¢. In a Nash equilib-
rium, each user alone is minimizing its (Ezpected) Individual Cost, which is the (expected)
latency on the link it chooses. To evaluate Nash equilibria, we formulate Social Cost as
the sum of the users’ (Expected) Individual Costs. The Price of Anarchy is the worst-case
ratio of Social Cost for a Nash equilibrium over the least possible Social Cost. A Nash
equilibrium is pure if each user deterministically chooses a single link; a Nash equilibrium
is fully mized if each user chooses each link with non-zero probability.

Through a thorough analysis of Nash equilibria in discrete routing games, we obtain:

e For the case of identical users, the Social Cost of any Nash equilibrium is no more than
the Social Cost of the fully mixed Nash equilibrium, which may exist only uniquely.
Moreover, instances admitting a fully mixed Nash equilibrium enjoy an efficient char-

acterization.
e For the case of identical users, we derive two upper bounds on the Price of Anarchy:

— For the case of identical links with a monomial latency function ¢(z) = x¢, the
Price of Anarchy is less than (but may come arbitrarily close to) the Bell number
of order d + 1.

— For pure Nash equilibria, a generic upper bound from the Wardrop model can be
transfered to discrete routing games. For polynomial latency functions with non-
negative coefficients and degree d, this generic bound applies to yield an upper
bound of d + 1.

e For the case of identical users, a pure Nash equilibrium (and thereby an optimal pure
assignment) can be computed in time O(mlgmlgn). For the general case, computing
the best or the worst pure Nash equilibrium is NP-complete, even for identical links

with an identity latency function.



1 Introduction

1.1 Background

Nash equilibrium [41, 42] is one of the most significant concepts in Non-Cooperative Game
Theory. For a given strategic game, a Nash equilibrium is a state where no player can improve
its individual objective by unilaterally changing its strategy. A Nash equilibrium is called pure
if each player chooses exactly one strategy; it is called mized if each player makes her choice
using a probability distribution over strategies. In a fully mized Nash equilibrium [35], each
player chooses each strategy with non-zero probability. The Price of Anarchy [30, 43| is the
worst-case ratio of the Social Cost in a Nash equilibrium and the least possible Social Cost.
Much of the recent algorithmic work on Non-Cooperative Game Theory considered selfish
routing, where it focused on the KP model due to Koutsoupias and Papadimitriou [30] and the
Wardrop model [50]. The KP model was proposed only recently in the context of studying the
effects of selfish traffic over the Internet; in contrast, the Wardrop model dates back to the 1950s,

when it was used for studying the economics of transportation networks (see, e.g., [4, 5, 12]).

e In the KP model, each of n selfish users employs a mized strategy, which is a probability
distribution over m parallel links, to ship its (unsplittable) traffic. The (expected) latency
on a link is linear in the (expected) total traffic of users choosing it. The (Ezxpected)
Individual Cost of a user is the (expected) latency on the link it chooses. In a Nash
equilibrium, each user alone is minimizing its Expected Individual Cost. The Social Cost

is the (expected) maximum latency; the Optimum is the least possible maximum latency.

e In the Wardrop model, the network can be arbitrary. Modeled as a network flow from
source to destination, selfish traffic is infinitesimally splittable; this modeling rules out
mixed strategies from consideration. Associated with each link is a convex latency func-
tion, which determines the latency on the link for a given traffic. In a Wardrop equilib-
rium [50], all used paths incur the same (total) latency. So, a Wardrop equilibrium can
be interpreted as a Nash equilibrium for a strategic game with infinitely many users, each
carrying an infinitesimal amount of traffic. The Individual Cost of each such user is the

sum of link latencies on the path it chooses; the Social Cost is the sum of Individual Costs.

1.2 Discrete Routing Games

In this work, we introduce the model of discrete routing games as a hybridization of the KP
model and the Wardrop model.
We follow the KP model to consider the parallel links network, unsplittable traffics and

mixed strategies. However, we allow arbitrary non-decreasing, non-constant and convex latency



functions, whereas latency functions for the KP model are linear. So, the latency function for
a link is a convex function of the total traffic of users choosing the link. The Social Cost is the
sum of (Expected) Individual Costs; the (Expected) Individual Cost of a user is the (expected)
latency on the link it chooses. So, as far as the generality of latency functions and the Social
Cost are concerned, discrete routing games lean towards the Wardrop model; however, the
network structure and the unsplittability of traffics come from the KP model.

The assumption of convex latency functions determines a very broad class of discrete routing
games. Restricted to monotone latency functions and pure Nash equilibria, discrete routing
games were already studied in [10]. Restricted to linear latency functions, they have been
studied by Liicking et al. in [32], where Social Cost was formulated as the sum of weighted
Expected Individual Costs and called Quadratic Social Cost; so, the model in [32] is the special
case of discrete routing games where latency functions are linear and users are identical. To
the best of our knowledge, discrete routing games represent the first model to simultaneously
consider mixed Nash equilibria and arbitrary (convex) latency functions.

Discrete routing games are a particular instance of weighted congestion games [36, 44], where
each pure strategy is an arbitrary (not necessarily singleton) set of links. It is known that all
unweighted congestion games admit a pure Nash equilibrium [44]. Hence, so do discrete routing
games in the special case of identical (unweighted) users. However, it is straightforward to verify
through a lexicographic argument (cf. [17, Theorem 1]) that discrete routing games admit a

pure Nash equilibrium in the general case of arbitrary (weighted) users.

1.3 Contribution

Our results for discrete routing games are partitioned into four major groups:

1.3.1 Fully Mixed Nash Equilibria

Which is the worst-case Nash equilibrium for discrete routing games with respect to Social Cost?
This is a very natural question, which we address for the special case of identical users. As our
main result, we prove that for any discrete routing game with convex latency functions, when-
ever a fully mixed Nash equilibrium exists, it is a worst-case Nash equilibrium (Theorem 4.3).
Therewith, we prove the Fully Mixed Nash Equilibrium Conjecture for discrete routing games
(but only for the special case of identical users). The proof relies critically on the convexity
assumption for the latency functions; we provide a simple counterexample to show that this
assumption is essential (Proposition 4.4).

Furthermore, we prove that a fully mixed Nash equilibrium may exist only uniquely (Theo-

rem 4.6). The proof utilizes the assumption that the latency functions are non-decreasing and



non-constant, but it does not need the convexity assumption on them.

Finally, we provide a combinatorial characterization of instances admitting a fully mixed
Nash equilibrium. Specifically, we identify the classes of dead and special links, and we prove
some combinatorial properties for them (Lemmas 4.8 and 4.9). In turn, these properties are
used for characterizing instances admitting a fully mixed Nash equilibrium (Theorem 4.10).
Furthermore, we prove a generalization of the Fully Mixed Nash Equilibrium Conjecture for
instances that do not admit a fully mixed Nash equilibrium (Theorem 4.11).

As our chief combinatorial instrument for the study of fully mixed Nash equilibria in discrete
routing games, we introduce and study a novel combinatorial function, called the binomial

function (Section 2).

1.3.2 Price of Anarchy

We focus on the special case of identical users, for which we present two upper bounds on the

Price of Anarchy for mixed and pure Nash equilibria, respectively.

e We first treat mixed Nash equilibria, where we consider the special case of identical links
with a monomial (convex) latency function ¢(\) = A%. We prove that the Price of Anarchy
is less than the Bell number of order d+ 1 (Theorem 5.1). When m = n and in the limit,

this bound can be attained arbitrarily close but not exactly.

e For pure Nash equilibria, we consider the case of arbitrary links. We revisit a generic upper
bound on the Price of Anarchy for the Wardrop model, which was shown by Roughgarden
and Tardos [46]. We utilize the assumption that latency functions are non-decreasing and

non-constant to transfer this bound to discrete routing games (Proposition 5.3).
For polynomial latency functions with non-negative coefficients and degree d > 1, the

transfered bound immediately yields an upper bound of d + 1 (Corollary 5.4).

Interestingly, both shown upper bounds on the Price of Anarchy are constant — independent

of m and n.

1.3.3 Algorithmic Results

We present algorithmic results for the case of identical users and arbitrary links. These results

utilize the assumption that latency functions are non-decreasing.

e We show that a pure Nash equilibrium can be computed in time O(mlgmlgn) (Theo-
rem 6.1). This is achieved by an algorithm running in lgn phases; in each phase, user

chunks of halving size are switched together to a different link in order to improve their



(common) Individual Cost. We show that the number of such switches per phase is O(m),
We use a suitable data structure for implementing each switch in ©(lgm) time, for a total

of O(mlgm) time per phase; this implies that the total time is O(mlgmlgn).

e Under a certain convexity assumption on the latency functions, we exhibit a very simple,
polynomial time reduction from the problem of computing an optimal (pure) assignment
to the problem of computing a pure Nash equilibrium (Proposition 6.4). Together with our
efficient algorithm for computing a pure Nash equilibrium, this implies a corresponding

efficient algorithm to compute an optimal assignment (Corollary 6.5).

1.3.4 Complexity Results

We present some complexity results for the problems of computing the best-case and worst-
case Nash equilibrium (with respect to the particular Social Cost adopted for discrete routing
games). Specifically, we prove that in the general case of arbitrary users, both problems are
NP-complete (Theorems 7.1 and 7.3, respectively). Both NP-completeness results hold even
for the case of identical links with an identity latency function.

Both proofs use polynomial time transformations from the NP-complete PARTITION prob-
lem [28], whose counting version is known to be #P-complete [47]. The employed transfor-
mations are parsimonious — roughly speaking, they preserve the number of solutions (cf. [31,
Definition 26.6]). This implies that the problems of counting the best-case and worst-case pure
Nash equilibria are both #P-complete as well (Corollaries 7.2 and 7.4).

1.4 Related Work and Comparison

The KP model has received a lot of interest and attention — see, e.g., [10, 11, 13, 14, 15, 17,
20, 23, 29, 33, 35]. For a survey of early work on the Wardrop model, see [5]. Inspired by
the new interest in the Price of Anarchy, Roughgarden and Tardos [46] initiated recently a
reinvestigation of the Wardrop model; for recent results, we refer the reader to the book [45]
(and the references therein).

The fully mixed Nash equilibrium was originally introduced and analyzed by Mavronicolas
and Spirakis [35] for the KP model. For the KP model, it was shown that existence of a fully
mixed Nash equilibrium implies its uniqueness [35]. This result applies to the special case of
discrete routing games where latency functions are linear; hence, it is broadened by Theorem 4.6.

The original Fully Mixed Nash Equilibrium Conjecture for the KP model states that the
worst-case Nash equilibrium is the fully mixed Nash equilibrium. This conjecture was originally
motivated by some results in [17]; it was explicitly formulated in [23] and further studied and
extended to other related models in [16, 21, 25, 32, 33, 34]. In particular, Liicking et al. [32]



proved the Fully Mixed Nash Equilibrium Conjecture for the special case of identical users and
identical links in their model (which is itself a special case of discrete routing games). Recently,
Fischer and Vocking [16] provided a counterexample to the Fully Mixed Nash Equilibrium
Conjecture for the special case of arbitrary users and identical links in the KP model.

Bounds on the Price of Anarchy for the KP model were proved in [11, 14, 29, 30, 35].

These include (tight) bounds of © (lgl%gm) for the case of identical links [11, 29, 30, 35] and of

© <lg%§%) for the case of arbitrary links [11]. Bounds on the Price of Anarchy for several
variants and generalizations of the KP model were proved in [2, 3, 7, 18, 19, 20, 22, 34, 49].

Bounds on the Price of Anarchy for congestion games were proved in [1, 2, 8]. Christodoulou
and Koutsoupias [8] consider congestion games with unweighted players and under linear and
polynomial latency functions (of degree d and with non-negative coefficients); they define Social
Cost as either the maximum (Expected) Individual Cost or the sum of (Expected) Individual
Costs. The upper bounds obtained for their latter definition apply to discrete routing games as
well. In particular, Christodoulou and Koutsoupias [8, Theorems 9 and 10] prove that the Price
of Anarchy for Social Cost as sum of (Expected) Individual Costs is ©(d(1=°(1)). (Exact values
were later obtained in [1] for both cases of unweighted and weighted players.) Corollary 5.4
provides a much smaller upper bound of d 4+ 1 for the special case of discrete routing games
where each pure strategy is a singleton set. (but restricted to pure Nash equilibria).

For the KP model, Fotakis et al. [17] showed that a pure Nash equilibrium can be computed
in polynomial time using Graham’s LPT scheduling algorithm [26]. This result applies to the
special case of discrete routing games where latency functions are linear; hence, it is broadened
by Theorem 6.1.

Fotakis et al. [17] showed that computing the best-case and the worst-case (pure) Nash
equilibria are both N'P-complete for the KP model where Social Cost is defined as the (expected)
maximum latency; in contrast, Theorems 7.1 and 7.3 apply to discrete routing games where
Social Cost is defined as the sum of (Expected) Individual Costs.

Conitzer and Sandholm [9, Corollary 1] proved that it is NP-complete to decide if an
arbitrary strategic game has a (mixed) Nash equilibrium for which the Maximum Expected
Individual Cost is no less than some arbitrary number; this holds even if the game is symmetric
and has only two players. Theorem 7.3 is comparable to this result. On one hand, it restricts to
a particular kind of strategic games (namely, discrete routing games) and it applies even to the
case with only two links; on the other hand, it assumes an arbitrary number of players and it
refers to the sum of Expected Individual Costs. Furthermore, Corollary 7.4 is comparable to [9,
Corollary 8|, which established the #P-completeness of the corresponding counting problem.

Subsequent to this work, Gairing et al. [21] introduced yet another hybridization of the KP

model and the Wardrop model, where Social Cost is the expectation of the sum (over links)



of Latency Costs; each Latency Cost is defined as a polynomial function of the total traffic of
users choosing a link. For their model, Gairing et al. [21] established the Fully Mixed Nash
Equilibrium Conjecture for the special case of identical users and identical links; they also
proved several upper bounds on the Price of Anarchy. To do so, Gairing et al. [21] showed
further interesting properties of the binomial function. (In fact, we used one such property,

restated here as Lemma 2.3, to simplify some proofs in the preliminary version of this work.)

1.5 Notation and Preliminaries

Throughout, denote for any integer m > 1, [m] = {1,...,m}. Denote as 0 and 1 the vectors
(of any appropriate dimension) with all zeros and all ones, respectively. Denote as Rar and Nar
the sets of non-negative real and natural numbers, respectively. For a function ¢ : R(J{ — Ra' ,
denote as ¢ the function defined by (Z(A) = ¢(A+1). For a random variable X with associated
probability distribution P, denote as Ep(X) the ezpectation of X (according to P). For an
integer m > 2 and a dimension j € [m], the j-characteristic m-dimensional vector x; has entry
7 equal to 1 and all other entries equal to 0.

Some of our analysis will bring into play some special numbers from classical combinatorics.
Recall first the Bell number of order d [6], denoted as By, which counts the number of partitions
of a set with d elements into blocks (non-empty subsets). It is known that By =} ;.4 S(d, k),
where for each k € [d], S(d, k), the Stirling number of the second kind [48], counts the number
of partitions of a set with d elements into exactly k blocks. For any pair of integers r > 1 and
k > 1, the falling factorial of r of order k, denoted as r£, is given by 7& = r(r—1)-.. .-(r—(k—1)),
when r > k. Otherwise (k > r + 1), r& = 0.

1.6 Organization

In Section 2, we introduce the binomial function. Section 3 presents discrete routing games.
The fully mixed Nash equilibrium is studied in Section 4. Section 5 contains the bounds on
the Price of Anarchy. Our algorithms for computing pure Nash equilibria and optimal pure
assignments appear in Section 6. Section 7 contains the complexity results for best-case and
worst-case pure Nash equilibria. We conclude, in Section 8, with a discussion of our results and

some open problems.

2 The Binomial Function

For a vector of probabilities p € [0,1]", denote as p the vector of probabilities with all entries

Zie[r] b

- . We now define a combinatorial function:

equal to



Definition 2.1 (Binomial Function) For any integer r, consider a triple of a vector
of probabilities p = (p1,...,pr), a vector w = (wi,...,w,) € R", and a function ¢ :
Ry — RY. For a subset U C [r], denote wy = Y ey Wk The binomial function
BF(p,w, ¢) is defined by

BF(p,w,¢) = Z (Hpk H(l—Pk)¢(wu)> .

UC[] \ked kg

Roughly speaking, the binomial function BF represents the expectation of a function ¢ of a ran-
dom variable that follows some kind of a binomial distribution — hence, its name. Clearly, the bi-
nomial function is a symmetric function in the probabilities p1, . . ., p, and the weights wq, ..., w,
— for each permutation 7 on [r] that maps p to m(p) and w to m(w), BF(n(p),n(w),¢) =
BF(p,w, ¢). Moreover, the binomial function BF is a continuous function in the probabilities
P15 DPr.

Say that the function ¢ is non-constant on the vector w if ¢ (minie[r] w,-) e 0] (Zie[r] wi>.
If ¢ is both non-decreasing and non-constant on w, then ¢ (miniem wi) < ¢ <Zi€[r] wi). We

now prove a significant monotonicity property of the binomial function:

Lemma 2.1 (Monotonicity of Binomial Function) Assume that the function ¢ is non-
decreasing and non-constant on the vector w. Then, BF(p,w, ¢) is strictly increasing in each

probability p;, where i € [r].

Proof: Since BF is non-decreasing and non-constant, there is some index 7’ € [r] and some
set U C [r]\ {r'} such that ¢(w, + wy) > P(wy). Assume, without loss of generality, that
r" = r so that U C [r — 1]. Since BF(p,w, ¢) is a symmetric function in the probabilities p;,
where i € [r], it suffices to prove that BF(p,w, ¢) is strictly increasing in the probability p,.
Clearly,

BF(p,w,¢) = »_ (H P H(lpk)s‘b(wu))

UcClr] \ke  keu

= Z (H Pk H (1 - pk) (pr¢(wu + w’r‘) + (1 - pr)¢(wu)))

UC[r—1] \k€U  kguUU{r}
> (H pe T (=pe) (G(ww) +pr (9w +wr) - ¢<wu>>>) .
UC[r—1] \keu  kguu{r}

Since ¢ is non-decreasing, ¢(wy +w,)—@(wy) > 0 for allid C [r—1]. Moreover, by assumption,
d(wy + wy) — ¢p(wy) > 0 for some U C [r — 1]. It follows that BF(p, w, ¢) is strictly increasing

in p,, as needed. [



A significant special case occurs when w is a constant vector with all entries equal to 1. In
this case, we abuse notation to write BF (p, r, ¢) for BF (p, w, ¢). For this special case, we prove

a monotonicity property of the binomial function with respect to averaging the probabilities:

Lemma 2.2 (Averaging Monotonicity of Binomial Function) Assume that the function
¢ is convex. Then, BF(p,r,¢) < BF(p,r, ¢).

Proof: Clearly, it suffices to prove that BF(p,r, ¢) does not decrease when any two arbitrary
probabilities in the vector p are replaced by their average. Since BF(p, r, ¢) is symmetric in the
probabilities p;, with @ € [r], it suffices to prove that BF(p,r, ¢) does not decrease when p; and
po are replaced by their average w So, consider the vector of probabilities q = (g1, ..., qr)

with ¢ = ¢ = w, and ¢; = p; for all 7 € [r] \ [2]. Write

BF(p.7,¢)
= Y (Hpk H(l—pk)¢(|u|)>
UCH] \keU  kgu

-y (Hpk T a-m

UCF\[2] \k€U  kguu[2]
(1 =p)(A = p2)o(|U]) + (p1(1 = p2) + p2(1 — p1))o(|U] + 1) + p1p26(U] + 2))))

- > (Hpk IT a-p

UCF\[2] \keU  kguu[2]
“(pap2 (O(U| +2) = 26(|U| + 1) + S(UU])) + (p1 + p2) (0(IU| + 1) — S(|UU])) + S(|UA])))

so that also

BF(q,r,¢)

= > (H(Ik II a—a)

UCr\[2] \ke  k¢uu[2)
(qraz (o(|U] +2) = 26(U| + 1) + o(U)) + (a1 + q2) (e(U| + 1) — &([U])) + o(|UA]))) -

Since p; = ¢; for all users i € [r] \ [2], while ¢1 + g2 = p1 + p2, it follows that

BF((L r, ¢) - BF(p7 T, QZS)

= S (TIee TT (=20 (@10 — pimo) (6] +2) — 26(U] + 1) + S(U]))

UCl\[2] \keU  keuu[2]

Since ¢1 = g9 is the arithmetic mean of p; and po, it holds that gigo > pips. Since the
function ¢ is convex, ¢(|U|+1) — d(|U]) < ¢(|U| +2) — p(JU|+1); rearranging terms yields that
(U] +2) = 20(JU| + 1) + ¢(JU]) > 0. Thus, BF(q,r, ) — BF(p, 7, ¢) > 0, as needed. ]

10



Another significant special case of the binomial function occurs when not only w is a constant
vector with all entries equal to 1, but also p is a constant vector with all entries equal to p > 0.
We shall analyze this special case under the additional assumption that ¢ is the monomial
function ¢(A) = A%. We will then abuse notation to write BF (p,r, d) for BF (p,w, A?). Clearly,

BF (p.rd) = Y (;)pk(lp)r_kk:d.

0<k<r

We shall later use a known fact about BF (p,r, d):

Lemma 2.3 (Gairing et al. [21]) For any integer d > 1,

BF (p,r,d) = > S(dk)-rk-p*.
keld]

3 Discrete Routing Games

We extend definitions for the KP model to accommodate features from the Wardrop model.

3.1 General
We consider a simple network consisting of m > 2 parallel links 1,2,...,m from a source node
to a destination node. Each of n > 2 users 1,2,...,n wishes to route a particular amount of

(unsplittable) traffic along a (non-fixed) link from source to destination.

Denote as w; > 0 the traffic of user i € [n]. Define the n x 1 traffic vector w in the natural
way. For a user ¢ € [n], eliminating w; from the vector w yields the (n — 1)-dimensional vector
w_;. Associated with each link j € [m] is a latency function ¢; : Rf — R{, which is a non-
decreasing and non-constant function with ¢;(0) = 0. For each user ¢ € [n], define the function
¢ij : RE — R by ¢ij(A) = ¢j(w; + A). We assume that ¢1(1) < ... < ¢y, (1); call link 1 the
smallest link and say that link j is smaller than link k£ whenever j < k. Define the m x 1 latency
function vector ® in the natural way. An instance is a pair (w, ®).

In the case of identical users, all user traffics are 1 and an instance is a pair (n, ®). In the
case of identical links, ¢; = ¢ for all links j € [m], where ¢ is a non-decreasing and non-constant
function (with ¢(0) = 0); in this case, an instance is a pair (w, (m, ¢)). For the case of identical
users and identical links, an instance is a pair (n, (m, ¢)). In the general case, we talk about
arbitrary users and arbitrary links.

In the case of identical users, each latency function is a discrete function ¢; : [n]U{0} — R
¢j(0) = 0; clearly, $j = ¢;; for each (identical) user ¢ € [n]. In this case, say that the latency
function ¢; is non-constant on [n], or non-constant for short, if ¢;(1) # ¢;(n); since each ¢; is

non-decreasing, this implies that ¢;(1) < ¢;(n).

11



3.2 Convexity

For the case of identical users, we will often assume that the latency functions enjoy some
property of discrete convexity on the domain [n]U{0}. Formally, a function ¢ : [n]U{0} — R{ is
conveg if for all pairs of integers x1, z2 € [n—1] with 1 < x2, ¢(x1+1)—p(x1) < Pp(z2+1)—p(z2).
Our definition of a convex function is the particular, one-dimensional case of a corresponding
definition of M-convez functions due to Murota and Shioura [39].* Clearly, to establish that such
a function ¢ is convex, it suffices to prove that for any z € [n—1], p(x)—d(x—1) < ¢p(z+1)—¢(z).

We will later use a combinatorial property of M-convex functions, which was originally
shown by Murota [38]:

Proposition 3.1 (Global Optimality = Local Optimality for M-Convex) Let ¢ be an
M-convex function on Ng*. Then, the vector x € Ni* minimizes ¢ if and only if for all pairs of

dimensions j,k € [m], ¢(x) < ¢(x — x;j + Xk)-

3.3 Strategies and Assignments

A pure strategy for user i € [n] is some specific link. A mized strategy for user i € [n] is a
probability distribution over pure strategies; so, it is a probability distribution over links.

A pure assignment is a tuple L = (¢1,...,0,) € [m|"; a mized assignment is an n X m
probability matriz P of n-m probabilities p(i, j), for all pairs of a user i € [n] and a link j € [m],
where p(i, j) is the probability that user ¢ chooses link j. We will cast a pure assignment as a
special case of a mixed assignment in which all (mixed) strategies are pure. The support of the
mixed strategy for user ¢ € [n] in the mixed assignment P, denoted as Supportp (i), is the set
of pure strategies which ¢ chooses with strictly positive probability.

A mixed assignment F is fully mized [35, Section 2.2] if f(i,7) > 0 for all pairs of a user
i € [n] and a link j € [m]. In the standard fully mixed assignment F, f(i,5) = % for all users
i € [n] and links j € [m].

Fix now a mixed assignment P. The load 6;(P) on link j € [m] is the total traffic of users
choosing the link (according to P); so, §,(P) is a random variable. For each link j € [m], denote
as 0;(P) the expected load on link j € [m]; so, clearly, 0;(P) = 31, p(k, j) wg. Moreover,
denote as 0;;(P) = 3y iy P(K, ) w, the expected load on link j € [m] excluding user i € [n].

For a user i € [n] and a link j € [m], denote as p;; the (n — 1)-dimensional vector
(p(1,5),...,p(¢ —1,75),p(t + 1,7),...,p(n,j)) The average probability p;; on link j excluding

2kefn)\fiy PR, ) 0:;(P)
n—1 n—1"

user i is defined as p;; = ; clearly, in the case of identical users, p;; =

*M-convex functions are defined in terms of a generalization of the Steinitz Exchange Aziom for matroids.

This definition builds on the earlier definition of discretely-convez functions due to Miller [37].
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It is straightforward to verify that 3,1, Pij = 1. Denote as p;; the (n —1)-dimensional vector

J€lm
with all entries equal to p;;.

3.4 Costs

3.4.1 Individual Cost and Expected Individual Cost

For the pure assignment L, the Individual Cost for user i € [n], denoted as I1C;(L), is

cw <o T ow)
kel

n][le={;
so, the Individual Cost for user ¢ is the latency on the link it chooses.
Fix now a mixed assignment P. The Conditional Ezpected Individual Cost for user i € [n]
on link j € [m], denoted as 1C;;(P), is the expectation (according to P) of the Individual Cost
for user ¢ had it chosen link j; thus,

IC;P) = > (Hp(k‘vj) II (1—p(k,j))¢j(wi+wu)>~

ucn\{i} \keu kgUU{4}

Since the latency function ¢; is non-decreasing, it follows that for all pairs of a user ¢ € [n]
and a link j € [m], IC;;(P) > ¢;(w;).
Using the binomial function, the Conditional Expected Individual Cost is expressed as
ICi;(P) = BF(pij, Wi, dij) -
For the special case of identical users, this expression reduces to
ICU(P) = BF (pijvn_]-vaggj) .
For each user i € [n], the Ezpected Individual Cost for user i, denoted as I1C;(P), is the
expectation (according to P) of the Individual Cost of user i. Thus,
IG(P) = > p(i,5)1Ci;(P);
Jj€[m]

so, Expected Individual Cost is a convex combination of Conditional Expected Individual Costs.

3.4.2 Social Cost

Associated with an instance (w, ®) and a mixed assignment P is the Social Cost, denoted as
SC*(w, @, P), which is the sum, over all users, of Expected Individual Costs; so,

SC¥(w,®,P) = > IG(P)
i€[n]
= Z(Zp(@j)( > (Hp(iw) 11 (1—p(k,j))¢j(wi+wu)>)).
i€[n] \j€[m)] UCn)\{i} \keUd kgUuU{i}
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3.4.3 Optimum

Associated with an instance (w, ®) is the Optimum, denoted as OPT>(w, ®), which is the least
possible, over all pure assignments, Social Cost; thus,
OPT*(w,®) = min SC¥(w,®,L).
Le[m]»

A pure assignment L is optimal for the instance (w, ®) if SC*(w, ®, L) = OPT™(w, ®).

We note two obvious lower bounds on Optimum for the case of identical users and identical
links with a monomial latency function ¢(\) = A9, for some integer d > 1. Assuming that
n >m, OPTZ(n, (m, ¢)) >n - (ﬂ)d; assuming that n < m, OPT¥(n, (m, ¢)) = n.

m

3.5 Nash Equilibria and Price of Anarchy

We are interested in a special class of mixed strategies called Nash equilibria [41, 42]. Given
an instance (w, ®) with an associated mixed assignment P, a user i € [n] is satisfied in P if
ICi;(P) = IC;(P) for all links j € Supportp (i), and IC;;(P) > I1C;(P) for all links j & Supportp ().
So, a satisfied user has no incentive to unilaterally deviate from its mixed strategy. The mixed
assignment P is a Nash equilibrium if all users i € [n] are satisfied in P.

A fully mized Nash equilibrium [35] is a fully mixed assignment that is a Nash equilibrium.
Note that for the case of identical links, the standard fully mixed assignment F is a (fully mixed)
Nash equilibrium since it satisfies that for all users i € [n] and for all pairs of links j,l € [m],

ICi;(P) = 1C;;(P); call it the standard fully mized Nash equilibrium.
SC¥(w, ®,P)
OPT*(w, ®)

The Price of Anarchy, denoted as PoA¥, is the worst-case ratio , over all

instances (w, ®) and associated Nash equilibria P.

A worst-case (or worst for short) Nash equilibrium [30] is one which, on any arbitrary
instance, maximizes Social Cost. A best-case (or best for short) Nash equilibrium [17] is one
which, on any arbitrary instance, minimizes Social Cost. The Fully Mixed Nash Equilibrium
Conjecture, henceforth abbreviated as the FMNE Congjecture, states that a fully mixed Nash

equilibrium is a worst-case Nash equilibrium.

4 Fully Mixed Nash Equilibria

We now focus on fully mixed Nash equilibria; we restrict to the special case of identical users.
A preliminary property of fully mixed Nash equilibria is shown in Section 4.1. In Section 4.2,
we formulate and prove the Fully Mixed Nash Equilibrium Conjecture under the (essential)

assumption of convex latency functions. Furthermore, we establish in Section 4.3 that the fully
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mixed Nash equilibrium may only exist uniquely. In Section 4.4, we prove a combinatorial

characterization of instances admitting a fully mixed Nash equilibrium.

4.1 A Preliminary Property

We show a preliminary property of fully mixed Nash equilibria, which applies to the case of
identical users. Specifically, we prove that all (identical) users choose each fixed link with the

same probability.

Lemma 4.1 (Same Probabilities) Consider the case of identical users and arbitrary links
with non-constant latency functions. Fix an instance (n, ®) with an associated fully mized Nash
equilibrium ¥. Then, for all pairs of users i,h € [n] and for all links j € [m], f(i,7) = f(h,]).
Proof: Fix any pair of users i,h € [n] and a link j € [m]. Since F is a fully mixed Nash
equilibrium,
IC;(F)
= 1C;(F)

> (Hf(lm') 11 (1—f(k,j»((l—f(h,j))¢>j(|u|+1>+f<h,j)¢j(|u|+2)>>

UC[R\{i,h} \keU ke[n)\(UU{i,h})

and also

ICA(F)

= Y (H feg) 1 <1—f(k,j»((l—f(z‘,j))@(m+1>+f(i,j>¢j<|u|+2))) :

UC[R\{i,h} \keU ke[n)\(UU{i,h})

Hence,

IC;(F) — IC,(F)

> (1‘[ f(k.5) T Q= fE i) (F (R ) = £09) (65U +2) — &5 (U] + 1)))

UC[R\{i,h} \keU ken)\@U{i,h})

(f(h,3) = f(5) Y (Hf(k,j) 11 (lf(k,j))) (&5 (U| +2) — b (U] + 1)) -

UC[n)\{i,h} \keU ke n)\(UU{i,h})
Since F is fully mixed, [[.cy f(F,J) [Trepp@uginy (X — f(k,5)) > 0 for all (non-empty)

subsets U C [n] \ {i,h}. Since ¢; is non-decreasing and non-constant on [n], there is a (non-
empty) subset U C [n] \ {4, h} such that ¢;(|U|+ 2) > ¢;(JU| + 1). These imply that

> (Hf(iw‘) 11 (1—f<k,j>><¢j<|u|+2>—¢j<|m+1>>) > 0.

UCR\{i,h} \keU ke[n)\@U{i,h})
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It follows that IC;(F) > ICL(F) (resp., IC;(F) < IC,(F)) if and only if f(h,j7) > f(i,))
(resp., f(h,j) < f(i,5)). Since the link j € [m]| was chosen arbitrarily, this implies that
IC;(F) > ICy(F) (resp., IC;(F) < IC,(F)) if and only if for all links [ € [m], f(h,l) > f(i,])
(vesp., f(h,1) < f(i,1)). Since, however, > cp) f(h,1) = 3 21cp f(i,1) = 1, the latter is false.
It follows that 1C;(F) = I1C;,(F). This implies that f(h,j) = f(i,7), as needed. |

Lemma 4.1 implies that a fully mixed Nash equilibrium F can be identified with a sequence
f; €(0,1), j € [m], such that for all pairs of a user i € [n] and a link j € [m], f(i,7) = f;.

4.2 The FMNE Conjecture

Convex latency functions are considered in Section 4.2.1. Section 4.2.2 considers arbitrary

latency functions. Throughout this section, we keep restricting to the case of identical users.

4.2.1 Convex Latency Functions

We prove:

Proposition 4.2 Consider the case of identical users and arbitrary links with non-constant and
convex latency functions. Fiz an instance (n, ®) with an associated fully mized Nash equilibrium
F. Then, for each Nash equilibrium P and for each user i € [n], 1C;(P) < IC;(F).

Proof: By Lemma 4.1, there is, for each link j € [m], some probability f; € (0,1) such that
each user chooses link j with probability f;. Denote as f; the (n — 1)-dimensional vector of
probabilities with all entries equal to f;.

Since Expected Individual Cost is a convex combination of Conditional Expected Individual
Costs, it suffices to prove that for all pairs of a user ¢ € [n] and a link j € Supportp(i),
IC;;(P) < IC;(F).

Assume, by way of contradiction, that there is a user i € [n| and a link j € Supportp(7)
such that 1C;;(P) > IC;(F). Then,

1IC;; (P)
= BF (Pz‘j»nflaégj)
< BF (ﬁij,n -1, QASJ) (by Lemma 2.2) .

On the other hand,

= IC;; (F) (since F is a fully mixed Nash equilibrium)
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Since IC;;(P) > IC;(F), it follows that BF (Bij,n — 1,4 ) > BF (£,n—1,6;). Since &; is
non-decreasing and non-constant, it follows from Lemma 2.1 that p;; > f;. Clearly, Zle[m] fi=
> ieim) f(i:1) = 1. Recall that 3,1 pu = 1. It follows that there is a link I € [m] such that
pir < fi. Thus,

IC;;(P)
IC;1(P) (since j € Supportp (i) and P is a Nash equilibrium)
Pi,n — 17 $l>

(
< BF (f)il,n -1, &)\l) (by Lemma 2.2)

IN

~ BF

< BF (fl,n -1, QASl) (by Lemma 2.1 (since Py < f7))
= ICii(F)
= IC;(F) (since F is a fully mixed Nash equilibrium)
< IC;;(P) (by assumption) ,
a contradiction. [

Since Social Cost is the sum of Expected Individual Costs, Proposition 4.2 directly implies:

Theorem 4.3 (Convexity Implies the FMNE Conjecture) Consider the case of identical
users and arbitrary links with non-constant and convex latency functions. Then, the Fully Mized

Nash Equilibrium Conjecture is valid.

4.2.2 Arbitrary Latency Functions

We now provide a counterexample to Theorem 4.3. More specifically, we construct an instance
involving identical links with a non-decreasing and non-constant but not convex latency function

for which Proposition 4.2 does not hold. We prove:

Proposition 4.4 Consider the case of identical users and identical links with an arbitrary
latency function. Then, there is an instance (n, {(m, ¢)) with associated pure Nash equilibrium
L and fully mized Nash equilibrium ¥ such that for all users i € [n], 1C;(L) > IC;(F).

Proof: Consider the instance (4, (2, ¢)), where ¢ : [4] U {0} — R, is a (strictly increasing)
function with ¢(1) =1, $(2) = 2, ¢(3) = 13 and ¢(4) = 1. Since ¢(3) — ¢(2) < ¢(2) — (1), ¢
is mot convex. Consider any arbitrary pure Nash equilibrium L and the standard fully mixed
Nash equilibrium F, where f(i,j) = % for each user i € [4] and link j € [2].

Fix any arbitrary user i € [4]. We compare the Individual Cost I1C;(L) and the Expected
Individual Cost IC;(F) for user i.
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On one hand, note that since ¢(2) < ¢(3) and ¢(1) < ¢(4), the definition of Nash equilibrium
implies that in L, there is no link chosen by either 3 or 4 users. So, exactly two users choose
each link in L; hence, IC;(L) = ¢(2) = 2. On the other hand, IC;(F) = %(¢(1)+3¢(2)+3¢(3)+

»(4)) = % Since 2 > % it follows that 1C;(L) > IC;(F), as needed. |

Since Social Cost is the sum of Expected Individual Costs, Proposition 4.4 directly implies:

Corollary 4.5 (The FMNE Conjecture Needs Convexity) Consider the case of identical
users and identical links with an arbitrary latency function. Then, the FMNE Conjecture is not

valid.

Corollary 4.5 implies that the assumption of convexity made for Theorem 4.3 is essential.

4.3 Uniqueness
We show:

Theorem 4.6 (Fully Mixed Nash Equilibrium Uniqueness) Consider the case of iden-
tical users and arbitrary links with non-constant latency functions. Then, a fully mized Nash

equilibrium may exist only uniquely.

Proof: Assume, by way of contradiction, that there is an instance (n, ®) with two distinct
associated fully mixed Nash equilibria F and G. Lemma 4.1 implies that for each link j € [m],
there is a probability f; € (0,1) (resp., g; € (0,1)) such that for all users i € [n], f(i,j) = f;
(resp., g(i,j) = g;). For each link j € [m], denote as f; (resp., g;) the (n — 1)-dimensional
vector of probabilities with all entries equal to f; (resp., g;).

Since F and G are distinct with 7,0 fi = 2 2jcp 9 = 1, there are two distinct links

J,1 € [m] such that f; > g; and f; < g;. Fix any user i € [n]. Clearly, for the fully mixed Nash
equilibria F and G, the Conditional Expected Individual Costs for user ¢ on the link j € [m]

are IC;;(F) = BF (£,n— 1,6, ) and IC;;(G) = BF (g;,n— 1,4;). Hence,
IC;; (F)
= IC;i (F) (since F is a fully mixed Nash equilibrium)
~ BF(fn-1,4)
< BF (gbn — 1,qu51) (by Lemma 2.1 (since f; < g;))
= ICi(G)
= ICi; (G) (since G is a fully mixed Nash equilibrium)
= BF (gj,n—l,ggj)
< BF(fn—1,4;) (by Lemma 2.1 (since g; < f;)
= IC;;(F),
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a contradiction. [ ]

Consider now the case of identical users and identical links, and recall the standard fully

mixed Nash equilibrium. Then, Theorem 4.6 immediately implies:

Corollary 4.7 Consider the case of identical users and identical links. Then, the standard

fully mized assignment is the unique fully mixed Nash equilibrium.

4.4 Existence

We present a characterization of instances admitting a fully mixed Nash equilibrium. Recall
our earlier assumption that ¢1(1) < ¢o(1) < ... < ¢, (1).

Fix an instance (n, ®). For each link k € [m] and for each smaller link j € [k — 1], denote
as p;(k) the probability such that

BF (pj(k),n—m?j) = min{¢;(n),¢r(1)},

where p;(k) is the vector with n—1 entries equal to pj(k). We argue that this definition uniquely
determines a probability p;(k). Recall that BF (pj(k'), n—1, g@) is the Conditional Expected
Individual Cost for a user on link j € [m] in the case where p(i,j) = p;(k) for all remaining
users i € [n — 1]. In particular, BF (O,n -1, c@) = ¢;j(1). and BF (1,n -1, (@) = ¢j(n). Note
that

¢;(1)
= min{¢;(n),¢,;(1)} (since ¢; is non-decreasing)

< min{¢;(n),¢x(1)} (since ¢;(1) < ¢x(1)) ,

while ¢;(n) > min{¢;(n), dx(1)}. So, ¢;(1) < min{¢;(n), ¢x(1)} < ¢j(n). By Lemma 2.1,
BF (pj(k),n — 1,@) is strictly increasing in p;(k). By continuity of the binomial function,
this implies that BF attains exactly once the intermediate value min{¢;(n), ¢5(1)} Hence, the
definition uniquely determines a probability p;(k).

We now continue with two important definitions.

e A link k € [m] is dead for the instance (n, ®) if either (i) ¢;(n) < ¢5(1) for some
smaller link j € [k — 1], or (i) }_ cp_1yps(k) > 1.

e Alink k € [m] is special for the instance (n, ®) if 3=,y pj(k) = 1.

We continue to prove some properties of dead and special links. The first of them shows that

no user chooses a dead link.
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Lemma 4.8 (No User Chooses a Dead Link) Consider the case of identical users and ar-
bitrary links with non-constant and convex latency functions. Fiz an instance (n, ®) with a dead

link k € [m] and an associated Nash equilibrium P. Then, p(i,k) = 0 for all users i € [n].

Proof: Assume, by way of contradiction, that there is a user i € [n] such that p(i,k) > 0.
Since P is a Nash equilibrium, this implies that for any link j € [k — 1], IC;(P) < IC;;(P).
Since ¢ (1) < 1C;,(P). it follows that ¢r(1) < 1C;;(P).

Since k is a dead link, there are two cases to consider. For each case, we will derive a

contradiction.
1. Assume first that ¢;(n) < ¢(1) for some smaller [ € [k — 1]. Then, by Lemma 2.1,

IC;1(P)
= BF (pibn - 1;%1)

< BF (fm,n -1, qu) (by Lemma 2.2)

< BF (1,n -1, (/b\l) (by Lemma 2.1 (since p;; < 1))
= ¢i(n)

< Pk (1) (by assumption) |,

a contradiction.

2. Assume now that > jelk-1] pj(k) > 1. Without loss of generality, assume that for each
smaller link j € [k—1], ¢x(1) < ¢;(n) (since otherwise the claim follows from the previous
case). Note that > .cp_11Pj < > ojepn Py = 1. It follows that there is some smaller link
I € [k — 1] such that p;(k) > p;. Hence,

IC,i(P)
BF (Piun -1 (gl)

BF (5117” -1, qZASz) (by Lemma 2.2)

IN

A

BF (pl(kj),n -1, Zﬁz) (by Lemma 2.1 (since gy < pi(k)))
= min{¢;(n),¢x(1)}  (by definition of p;(k))
Pr(1),

a contradiction.

Since we derived a contradiction in all possible cases, the proof is now complete. |

We continue to prove:
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Lemma 4.9 (At Most One User Chooses a Special Link) Consider the case of identical
users and arbitrary links with non-constant and convex latency functions. Fix an instance (n, ®)
with an associated Nash equilibrium P. Then, there is at most one user i € [n] with p(i,k) > 0

for some special link k € [m].

Proof: Assume, by way of contradiction, that there are two distinct users i, h € [n] and two
(not necessarily distinct) special links k,r € [m], k < r, with p(i, k) > 0 and p(h,r) > 0.

Since p(h,r) > 0, it follows that p; > % > 0. Since k& < r < m, this implies that
Zje[k—l] Dij < Zje[m] pij = 1. Since link k is special, Zje[k_l} pj(k) = 1. It follows that there
is some link [ € [k — 1] such that p;(k) > p;. So,

o (1)
< IC;r.(P)
< ICqi(P) (since p(i, k) > 0 and P is a Nash equilibrium)
= BF (pilan_ 1a$l>
< BF (fm, n—1, QASZ) (by Lemma 2.2)
< BF (pl(k),n -1, El) (by Lemma 2.1 (since py < pi(k)))
=  min{¢;(n),¢r(1)}  (by definition of p;(k))
< or(1),
a contradiction. ]

We are now ready to prove:

Theorem 4.10 (Existence of Fully Mixed Nash Equilibria) Consider the case of iden-
tical users and arbitrary links with non-constant and convez latency functions. Then, there is

a fully mized Nash equilibrium if and only if there are neither dead nor special links.

Proof: Throughout, fix an instance (n, ®).

Assume first that (n, ®) admits a fully mixed Nash equilibrium F. By definition, f(i,5) > 0
for all pairs of a user 7 € [n] and a link j € [m]. Lemma 4.8 implies that there is no dead link;
since n > 2, Lemma 4.9 implies that there is no special link either, and we are done.

Assume now that there are neither dead nor special links for the instance (n, ®). We will
determine a fully mixed Nash equilibrium F for (n, ®) with f(4, j) = f; for all users ¢ € [n] and
links j € [m].

For each link j € [m], define A¢; = ¢;(n) — ¢ (1). Clearly, Ag; < ¢;(n). Since there are
no dead links, it follows that A¢; > 0. So, 0 < A¢; < ¢;(n).
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Fix now a link j € [m — 1]. For any value z € [0, A¢;], denote 1;(z) the value such that

B (¥(0)n—1.0;) = du(l)+e,

where 1;(z) is the (n — 1)-dimensional vector with all entries equal to ¢j(x). We argue that
() is uniquely determined by this definition.

Note that BF ('wj(x), n—1, (%) is the Conditional Expected Individual Cost for a user on
link j € [m — 1] in the case where all remaining users i € [n — 1] choose link j with probability
¥j(x). In particular, BF (O,n - 1,@) = ¢j(1) < ¢(1) and BF (l,n - 1,@) = ¢j(n). Note
also that

Odm(l) +
< Om (1) + Ao, (since z < A¢;)
= om(1) + ¢;(n) — dm(1)
= ¢;(n),

while
¢m(1)+-77 > (bm(l)'

By Lemma 2.1, BF (1/11 (z),n—1, g/Z;J) is strictly increasing in 1j(x). By continuity of the
binomial function, this implies that BF attains exactly once the intermediate value ¢, (1) + .
Hence, the definition uniquely determines v;(x).

Note that the definition of ;(x) and Lemma 2.1 imply together that ;(x) is strictly
increasing in « € [0, A¢;], where j € [m—1]; in particular, this implies that for any z € (0, A¢;),
0 <vj(x) <1

Now for the link m, for each x € [0, mincp,,—1) Ag;], set

Un(z) = 1= Y ().
jE[m—1]
Clearly, ¥, () is strictly decreasing in x for € [0, minje[,—1) Ad;]. Moreover, ¥m(z) < 1 for
all z € (0, minjepm,—1] Ady].
Define

T = max {:c € [0, min Ag¢;| | m(x) > 0} ;
jE[m—1]

thus, ¥ (F) = 0.

Consider the function BF <¢m(ac), n—1, <$m>, where 1,,, () is the (n—1)-dimensional vector
with all entries equal to ¢, (), for z € [0,Z]. Since 1y, (x) is strictly decreasing in x for x € [0, Z],

Lemma 2.1 implies that BF <1pm(95), n—1, $m> is strictly decreasing in z for = € [0, 7]
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Note that by definition of vy, (z),

Um(0) = 1= > 4;(0).

jE€[m—1]

Recall also that for each link j € [m — 1], 4;(0) is (uniquely) determined by the equation

BF (v;(0).n—1,6;) = om(1).
Since there are no dead links, this equation is equivalent to
BF (v,(0).n—1.0,) = min{g;(n),6m(1)}.
By definition of p;(m), it follows that 1;(0) = p;(m). Hence,

Ym(0) = 1= Y pi(m).

j€[m—1]

Since there are neither dead nor special links, it follows that Zje[mfl] pj(m) < 1, so that
Ym(0) > 0. Thus,

BF <¢m(0),n - 1,$m)
> BF (o,n ~1, Jsm) (by Lemma 2.1 (since i, (0) > 0))
= om(1).
On the other hand,
BF (zpm(a?),n ~1, $m)
— BF (om ~1, Zsm) (since 1y (T) = 0)
= Pm (1)

< dm(1)+7 (since T > 0) .

o~
)

Since BF (¢m (z),n—1, $m> is a continuous, strictly decreasing function in x for € [0, Z], the

Mean Value Theorem implies that there is some xg € (0, ) such that

BF(«,z;m(xo),n—Lme) — Gm(1) + 0.

We are now ready to determine a fully mixed Nash equilibrium F for the instance (n, ®):

For each user i € [n] and link j € [m], set f(i,7) = ¥;(xo).

It remains to show that F is a fully mixed Nash equilibrium:

o We first prove that F is a fully mixed assignment. We need to prove that for each link
Jj€ml, 0 <;(zo) < 1.
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— For a link j € [m — 1], note that 0 < g < Z < minjep,—1)A¢; < A¢;. Thus,
0 < j(x) < 1, as needed.

— For the link m, note that 0 < x¢p < T < minjep,—1) A¢;. Thus, ¥, (zo) < 1. Since
m(x) is strictly decreasing in = with ,,(Z) = 0, while zp < Z, it follows that
Ym(xo) > 0. So, 0 < ¥, (x0) < 1, as needed.

e We finally prove that F is a Nash equilibrium. Recall that by construction of zg,
B (¢m(x0),n — 1,$m> = ¢m(l) + zo. By definition of the value 1j(x) for each link
j €[m-1], BF (wj(:no),n — 1,@) = ¢m(1)+xq. It follows that BF (':,bj(xo),n — 1,@) =
®dm (1) + xo for all links j € [m]. Since for each pair of a user i € [n] and a link j € [m],

ICi; (F)
- BF (fij,n— 1,$j>
= BF (d’j(ﬂfo), n—1, &5\]) (by construction of F)
= ¢m(1) + zo,

it follows that 1C;;(F) is constant over all links j € [m], so that F is a Nash equilibrium.

The proof is now complete. [

By the definition of dead and special links, it follows that Theorem 4.10 provides an efficient
characterization of instances admitting a fully mixed Nash equilibrium.

We now broaden Theorem 4.3 by proving an upper bound on the Social Cost for the case
where the fully mixed Nash equilibrium does not exist. To state and prove this upper bound,
we need first to introduce some simple notation. For a given instance (n, ®), denote as SD the
set of all special and dead links. Moreover, denote as (n, ® \ SD) the restriction of the instance
(n, ®) to links outside SD. We prove:

Theorem 4.11 Consider the case of identical users and arbitrary links with non-constant and
convex latency functions. Consider an instance (n, ®) with an associated Nash equilibrium P,

and the instance (n, ® \ SD) with an associated fully mized Nash equilibrium F. Then,
SC* (n,®,F) < SC*(n,®\SD,F).

Proof: If there are neither dead nor special links, then SC* (n, ® \ SD,F) = SC* (n, ®,F)
and the claim follows from Theorem 4.3. So, assume that there are either dead or special links.
Lemma 4.8 implies that no user is assigned (with non-zero probability) by P to a dead link,

while Lemma 4.9 implies that at most one user is assigned (with non-zero probability) by P to
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a special link. If no user is assigned (with non-zero probability) by P to a special link, then
SC* (n,® \ SD,F) = SC* (n, ®,F) and the claim follows again from Theorem 4.3. So, assume

that there is a single user assigned (with non-zero probability) by P to a special link.
Consider any user i € [n]. Note that

Soom® = > > fkg)

JE[MN\SD JE[MN\SD ke[n]\{i}

= > > flk)

ke[n]\{i} je[m]\SD

- Z 1
ke[n]\{i}
= n—1,

while

JE[MN\SD JE[MN\SD ke[n]\{i}

= Z Z p(kaj)

ke[n]\{i} je[m]\SD

< > 1
ke[n]\{i}
= n—1.
S0, 3 jempsp %ii (F) = 2 jeimpsp i (P). 1t follows that there is some link jo € [m] \ SD such
that 6,5, (F) > 0;5,(P), or fijo > Dij, Hence, we obtain that

IC;(P)
< ICj, (P) (since P is a Nash equilibrium)
= BF (pijo,n 1,(/5_7‘0)
< BF (ﬁijo, n—1, $j0> (by Lemma 2.2)
< BF (fypon—1,j,)  (by Lemma 2.1 (since piy, < Ji;(F))
= BF (fijo’ n—1, $j0> (by Lemma 4.1)
= 1Cij, (F) (since jo € [m] \ SD)
= IC;(F) (since F is a fully mixed Nash equilibrium) .
Since Social Cost is the sum of Expected Individual Costs, the claim now follows. [ |

5 Price of Anarchy

We now present our bounds on the Price of Anarchy for the case of identical users. The case
of identical links with a monomial latency function is treated in Section 5.1. The more general

case of arbitrary links is treated in Section 5.2.
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5.1 Identical Links with a Monomial Latency Function

In this section, we assume that there is some integer d > 1 such that the latency function of

each link is the monomial function ¢(z) = 2¢. We prove:

Theorem 5.1 Consider the case of identical users and identical links with a monomial latency

function ¢(x) = x?, for any integer d > 1. Then, PoA* < By, and sup,,_, ... POA™ = By, 1.

d

Proof: Since the function ¢(x) = x® is strictly increasing and convex, Theorems 4.3, 4.10

and 4.6 imply together that the worst-case Nash equilibrium is the unique fully mixed Nash
equilibrium. Clearly, the standard fully mixed assignment F is a Nash equilibrium; so, it is the

unique fully mixed Nash equilibrium.
We shall proceed as follows. First, we shall derive a formula for the Social Cost of F; then,
we shall use this formula to prove the claim. So,

SC*(n,®,F)

Sictn Zsetm 710:3) (Sucpn o (e £00.9) Haguogy (1 = £ )3(UD)
= e (Zidml (ZBg[nnies (erg Fk:5) - Trgs(1 = (K, ) - qb(IBI))))
- 2 jelm (ZBgn] Bl (erB £k, 9) - T — (k. 9)) .¢(|B|))>

2 yeim] kel (ZBE[nmm:k |B] (HteB Ft,3) Mg = £(£,4)) - ¢(|B|)))
N 2 jelm) 2okefnl <(2) k (%)k (1- %)M -ch)

= ZjE[M] Zke[n] ((7’:) <%)k . ( a %)n_k .derl)

k
= m Zke[d-H] S(d+1,k) -nk- (%) (by Lemma 2.3)

It follows that

nk

SC*(n, ®,F)
mF—1OPT*(n, ®)

OPT*(n, ®)

= > S{d+1Lk)

ke[d+1]

We proceed by case analysis on the relation between n and m.
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1. Assume first that n > m. Then, for each index k € [d + 1],

nk

mF=1OPT® (n, ®)

k . d
< ﬁ (since OPT>(n, ®) > n (£)9)
m n (77)
k d+1—k
- D= (mm
_ ()
< 1 (since n > m and nk < nk) |

while also

k
nk
lim

i = 1.
m=n—c0 m*~10PT>(n, ®)

2. Assume now that n < m. Then, for each index k € [d + 1],
n&
mF=1OPT> (n, ®)

k
r'?:ln (since OPTE(n, P) =n)

IN

o (since n < m)
n
1 (since nk < nk) .

It follows that PoA™ < Zke[dﬂ} S(d+ 1,k) = Bgy1, while lim,,—, oo POA¥ = 1, as needed. m

5.2 Arbitrary Links

In this section, we consider the case of arbitrary links. We start with a preliminary technical

claim.

Proposition 5.2 (Global Optimality = Local Optimality) For any integer n > 2, con-
sider the set X, = {(21,...,2m) € N§' | X jcpm @i = n}, and a family of convex functions
#1: [n]U{0} — RY, wherel € [m]. Then, the vector (z1,...,xm) € X, minimizes the function
Zle[m] ¢ over X, if and only if for all pairs of links j, k € [m],

¢j(xj) + or(zr) < @j(w; +1) + dp(wg — 1)

It is straightforward to verify that Proposition 5.2 is a particular case of Proposition 3.1. We

now prove:
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Proposition 5.3 Consider the case of identical users and arbitrary links. Fix an instance
(n, ®) such that for all links j € [m] and for all integers k € [n],

Then, for any pure Nash equilibrium L,
SC*(n,®,L) < a-OPT=(n,®).

Proof: Fix an optimal pure assignment G for the instance (n,®). For all integers k € [n]
and links j € [m], define the function

> 65(t)

te(k]

We first show that for each link j € [m], the function 1; is convex. Fix a link j € [m] and an
integer k € [n—1]. Clearly, ¥;(k+1) — (k) = ¢;(k+1) and (k) —1j(k —1) = ¢;(k). Since
the function ¢; is non-decreasing, it follows that ¢;(k+ 1) — ¢;(k) > ©;(k) —1;(k — 1), so that
1; is convex.
We now show that the vector (61(L), ..., dn (L)) minimizes the function ) (., ¥;(2;) under
the restriction that 3., #; = n. By definition of Nash equilibrium, we have that ¢;(d;(L) +
1) > ¢ (6 (L)) for all palrs of links j, k € [m]. Hence,

¥;(6;(L) + 1) + ¢p (6 (L) — 1)
= ¥;(6;(L)) + ¢;(6;(L) + 1) + ¢r(dk(L)) — ¢r(dk(L)) (by definition of ¢;(z) and ¢y (z))
> (05 (L)) + i (0r (L)) (since ¢;(d;(L) +1) > ¢k (0x(L))) -

By Proposition 5.2, this implies that the pure assignment L induces loads d;(L), ..., dy, (L)
which minimize the function ¢, ¥;(0;(L)) under the restriction that ¢, @1 = n; call L
a minimizing assignment. Thus,

SC¥(n, ®,L)
= Yjemm 0i(L)¢;(8;(L))

2 jelml (a . Zte[éj(L)] ®;(t )) (by assumption on ¢)
= adiepm Vi(6;(L)) (by definition of ;)
< O icrm ¥i(0;(G)) (since L is a minimizing assignment)
= aYem (zteWG)l &; (t)) (by definition of ;)
<« Zje[m] 0;(G)o;(6;(G)) (since ¢; is non-decreasing)
= a-OPT*(n,®), (since G is an optimal assignment) ,
as needed. |
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We remark that the proof of Proposition 5.3 is a straightforward adaptation of the corre-
sponding proof for [46, Corollary 2.10] from the continuous setting with splittable flows and
continuous latency functions to the discrete setting with unsplittable traffics and discrete la-

tency functions. We conclude this section with a simple application of Proposition 5.3.

Corollary 5.4 Consider the case of identical users. Assume that all latency functions are
(non-zero) polynomials with non-negative coefficients and mazximum degree d. Then, for pure

Nash equilibria,

PoA* < d+1.
Proof: Consider any latency function ¢(x) = Zzzo apr® with ap > 0 for all indices k €
[d] U {0}. By Proposition 5.3, it suffices to prove that

L(x)<d+1

Dt @) T

for all integers = € [n]. Clearly,

ro(r) _ Zzzo apzh !

Zte[z] () B ZZ:O ag (Zte[x] tk)

We shall use the following simple inductive claim:

.Tk+1
k+1°

Lemma 5.5 For all integers k >0 and x > 1, Zte[z] th >

So, by Lemma 5.5,

d
rd(x) < S g apxttl

Die @) T ¢, we

k+1
< d+1,

as needed. [ ]

We remark that Corollary 5.4 is a discrete analog of [46, Corollary 2.11], which held for

splittable flows and continuous latency functions.

6 Computing Pure Nash Equilibria and Optimal Assignments

In this section, we provide a fast algorithm to compute a pure Nash equilibrium for the case
of identical users and arbitrary links. This algorithm is presented and analyzed in Section 6.1.
Section 6.2 establishes that this algorithm can also be used to compute an optimal (pure)

assignment for the same case.
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6.1 Pure Nash Equilibria

A simple approach to compute a pure Nash equilibrium is to assign the (identical) users one by
one to their respective best links. This approach is motivated by the classical LPT scheduling
algorithm due to Graham [26]; the algorithm had been already employed by Fotakis et al. [17,
Section 3] for the case of the KP model (where latency functions are linear). The resulting
greedy algorithm can be implemented to run in time O((n 4+ m)lgm) if the link latencies are
maintained in a priority queue, which is updated after the assignment of each user.

We present an algorithm COMPUTENASH to compute a pure Nash equilibrium under the
assumption of arbitrary, non-decreasing latency functions. We shall establish that the running
time of COMPUTENASH is O(mlgnlgm); this improves on the naive approach if m = o (W)

We start with an informal description of the algorithm COMPUTENASH. The algorithm takes
as input an arbitrary initial pure assignment L and gives as output a pure Nash equilibrium
L’. It does so by moving chunks of users at a time. The first chunk contains all users. In
each phase, the chunk size is halved until a chunk contains one user only, in which case a Nash
equilibrium has been reached. All users in a moved chunk improve their Individual Costs. A
pseudocode description of the algorithm COMPUTENASH appears in Figure 1.

We prove:

Theorem 6.1 Consider the case of identical users and arbitrary links. Then, algorithm COM-

PUTENASH computes a pure Nash equilibrium in time O(mlgmlgn).

Proof: After the last iteration of the algorithm COMPUTENASH (with 6 = 1), it holds that
¢s(0s(L')) < ¢ (04(L') + 1) for all pairs of links s,¢ € [m]. This implies that L’ is a (pure) Nash
equilibrium. We continue to analyze the running time of the algorithm CoMPUTENASH. To do

so, we first prove an invariant of the algorithm.

Lemma 6.2 (Only Increases or Only Decreases) During each iteration of the for loop,

the load on a link is either increased or decreased but not both.

Proof: By way of contradiction, assume otherwise for some iteration of the for loop with

chunk size §. Then, two cases are possible.

1. The load on some link ¢ € [m] is decreased after it has been increased.

Consider an increase to the load on link ¢ and the earliest decrease to the load on link
t following the increase. By the algorithm, there is some link v whose load is increased
simultaneously with the decrease to the load on link ¢. Denote §; and J,, and ;5; and
54 the loads on links ¢ and u before the increase (to the load on link ¢) and before the
decrease (to the load on link t), respectively. Note that 5 =0+ 0.
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Algorithm COMPUTENASH

Input: an instance (w, ®), and an (arbitrary) pure assignment L

Output: a Nash equilibrium L’

begin
L' — L:
for j=1,...,m do
d;(L) « 6;(L);
for 0 =n,[5],[%],...,1do
while 3s,t € [m] with §5(L") > § and ¢5(d5(L')) > ¢¢(6:(L') 4+ 0) do
choose such t € [m] so that ¢¢(6;(L) + §) is minimum;

choose such s € [m] so that ¢s(ds(L’)) is maximum;

A W NN DN
O O ~—~ —
~— —

~N O

transfer ¢ users from s to ¢:
ds(L') « 05(L') — 6;

e N e e e e e e e
~ o1
D ~— — — ~— —
N—r

7b) Oe(L') «— 0¢ (L) + 9;
8) return L;
9) end

Figure 1: Algorithm COMPUTENASH

For the increase to the load on link ¢, the choice of ¢ by the algorithm implies that
(0t +0) < ¢ (6y + 6). For the decrease to the load on link ¢, the algorithm implies that
$1(37) > Gu(dy +6) o ¢e(d; + 8) > bu(dy + 8). It follows that du(du + 8) > bu(dy + ).
Since ¢, is non-decreasing, it follows that gu < d,. Hence, there is a decrease to the load
on link v in between the increase to the load on link ¢ and the increase to the load on link
u. Take the latest such decrease to the load on link u. By the algorithm, the load on link
u before this decrease is 5Au + 4. Since there is no change to the load on link ¢ since it has
been increased, the load on link ¢ before this decrease is still §; + . The choice of u by
the algorithm for this decrease (to the load on link u) implies that ¢y (8, +6) > ¢¢(8; +6).

A contradiction.

2. The load on some link s € [m] is increased after it has been decreased.

Consider a decrease to the load on link s and the earliest increase to the load on link s
following the decrease. By the algorithm, there is some link u whose load is decreased
simultaneously with the increase to the load on link s. Denote é; and §,, and SS and

5, the loads on links s and u before the decrease (to the load on link s) and before the
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increase (to the load on link s), respectively. Note that 3\5 =5 — 0.

For the decrease to the load on link s, the choice of s by the algorithm implies that
¢s(0s) > ¢yu(dy). For the increase to the load on link s, the algorithm implies that
G5(0s +6) < du(8y) Or $5(85) < du(6y). It follows that ¢y (5y) < ¢u(dy). Since ¢y is non-
decreasing, it follows that d, < gu Hence, there is an increase to the load on link « in
between the decrease to the load on link s and the decrease to the load on link u. Take the
latest such increase to the load on link . By the algorithm, the load on link u before this
increase is (5Au —J. Since there is no change to the load on link s since it has been decreased,
the load on link s before this increase is still §; — §. The choice of u by the algorithm for
this increase (to the load on link u) implies that gbu((gu —0)+6) < ¢s((0s — ) +0) or
¢u(8\u) < ¢s(ds). A contradiction.

Since we derived a contradiction in all possible cases, the proof is now complete. [
We continue to prove:

Lemma 6.3 In each iteration of the for loop, there are at most O(m) iterations of the while

loop.

Proof: We consider separately the first iteration of the for loop, where § = n. Consider
the first (if any) corresponding iteration of the while loop, where the load on some link s is
decreased and the load on some link ¢ is increased. For any link [, denote ¢; and gl the loads on
link [ before and after this iteration of the while loop, respectively. By the algorithm, §; > n;
it follows that ; = 0 for any link [ # s. By the algorithm, S\t = & + n = n: it follows that
;5\1 = 0 for any link [ # t.

By the algorithm, ¢s(ds) > ¢¢(d: + n), or ¢s(n) > ¢(n). By the choice of link ¢ by the
algorithm, it holds that for any link ¢ such that ¢5(ds) > ¢ (dy + n) or ¢s(n) > ¢p(n), either
¢t (6t +n) < ¢y (0 +n) or ¢r(n) < gy (n).

Assume, by way of contradiction, that a second iteration of the while loop is now possible.
Since 25; =n and gt/ = 0 for any link ' # ¢, it follows by the algorithm that there is some link
t' # t such that ¢y(n) > ¢p(n). Recall also that ¢s(n) > ¢¢(n). It follows that ¢y (n) < ¢s(n).
Thus, there is a link ¢’ such that ¢y (n) < ¢s(n) for which ¢¢(n) > ¢y (n). A contradiction. It
follows that there is at most one iteration of the while loop in the first iteration of the for
loop.

Consider now any subsequent iteration of the for loop with chunk size § < n. The immedi-
ately preceding iteration of the for loop has parameter §’ such that 6 = (%}; clearly, ¢’ < 24.

Denote as g] the load on link j € [m] upon completion of that iteration of the for loop (and
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immediately before the current iteration with chunk size §). Partition the set of links [m] into

the two sets

Ly = {jelml|d; <20}
and

Ly = {jeml|é =25}

Since each iteration of the while loop incurs a simultaneous increase and decrease to the
loads on two distinct links, the number of iterations of the while loop (in the considered
iteration of the for loop) is equal to the the total number of decreases to link loads (in the

considered iteration of the for loop). Hence, we proceed to show:

(1) The total number of decreases (in the considered iteration of the for loop) to loads of links

in the set £; is at most m.

(2) The total number of decreases (in the considered iteration of the for loop) to loads of links

in the set L9 is at most m.

Proof of (1): Consider a link j € £; whose load is decreased. Lemma 6.2 implies that its load
will further not increase. Since the initial load on link j is less than 2§ and each decrease
decreases the load by 9, it follows that the load on link j can be decreased at most once. Hence,
the total number of decreases to loads of links in £ is at most m.

Proof of (2): We will establish that each link can increase simultaneously with a decrease to the
load of any link in Lo at most once. This will imply that the number of decreases to loads of
links in the set Ly is at most m.

Consider any link ¢ € [m] and any two consecutive increases to its load. (If there is at most
one increase to the load on link ¢, the claim about the increases to the load on link ¢ holds
trivially.) By the algorithm, there is some link s whose load is decreased simultaneously with
the second increase to the load on link ¢. Denote by ds and d;, and gs and gt the loads on links
s and t before the first increase (to the load on link ¢) and before the second increase (to the
load on link t), respectively. Note that 3\,5 = 0r + 0.

e By Lemma 6.2, there can be no increase to the load on link s in the current iteration of
the for loop. Hence, gg <o < gs.

e By Lemma 6.2, there can be no decrease to the load on link ¢ in the current iteration of
the for loop. Hence, gt > 6 > gt
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For the second increase to the load on link ¢, the algorithm implies that qﬁs(gs) > qﬁt(gt +6).
Since & = & + 6, it follows that ¢s(8,) > B(6; + 20).

By the post-condition for the previous iteration of the for loop, either gbs(gs) < ¢y (gt +0")
or gg < ¢'. We proceed to establish the necessity of the second possibility.

We first prove that 8, < &’. Assume, by way of contradiction, that d5 > ¢’. This implies
that gbs(gs) < ¢t(5+ d0"). Since 05 < gs and gt < é¢, and both ¢, and ¢; are non-decreasing, it
follows that ¢s(ds) < ¢¢(0¢+0"). Since &' < 20 and ¢y is non-decreasing, ¢4 (d:+0") < ¢¢(6¢ +26).
It follows that ¢s(8s) < ¢i(8; + 20). Since ¢g(ds) > ¢y(5 + 26), it follows that ¢s(5s) < ds(ds)-
Since ¢4 is non-decreasing, this implies that d; < SS. A contradiction. It follows that gs <.

Since &’ < 24, this implies that 5y < 20. By definition of the set Ly, it follows that s € L;.
This implies that an increase to the load on a link can occur simultaneously with a decrease to
the load of any link in the set Lo only if this is the first such increase. So, the load on a link
can increase simultaneously with a decrease to the load of any link in the set £ at most once.
It follows that the number of decreases to loads of links in the set Lo is at most m, as needed.

Claims (1) and (2) imply together that the number of iterations of the while loop in each

iteration of the for loop is O(m), as needed. |

Each iteration of the for loop (with chunk size §) is implemented using two priority queues.
In the first queue, the priorities are according to ¢;(9;(L’)), j € [m]; in the second queue, the
priorities are according to ¢;(0;(L’) +d), j € [m]. At the beginning of the iteration, the two
priority queues are constructed in time O(mlgm).

In each iteration of the while loop, the links s and ¢ (with maximum ¢4(ds(L’)) and mini-
mum ¢;(6;(L’)+6), respectively) are determined in constant time using the two priority queues.
After each iteration of the while loop, which updates ¢5(ds(L")) and ¢¢(d:(L')), the two priority
queues are updated in time O(lgm) (by two successive deletion and insertion operations).

By Lemma 6.3, the total time for each iteration of the for loop is O(mlgm) + O(m) -
O(lgm) = O(mlgm). Since there are lgn iterations of the for loop, the total running time of
CoMPUTENASH is O(mlgmlgn), as needed. ]

6.2 Optimal Pure Assignments

We now establish a relation between optimal pure assignments for a given vector of latency
functions and pure Nash equilibria for a modified vector of latency functions. More specifically,
given a vector ® of latency functions, construct the vector ¥ of latency functions by defining

for each link [ € [m], the latency function v; : [n] — R as

Yi(z) = zgi(r) — (- iz — 1)

for each x € [n]. We prove:
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Proposition 6.4 Consider the case of identical users. Assume that for each link | € [m], the
function x¢(x) is convex. Then, a pure assignment L is optimal for the instance (n, ®) if and

only if L is a Nash equilibrium for the instance (n,¥).

Proof: Clearly, L is a Nash equilibrium for the instance (n, ¥) if and only if for all pairs of
links j, k € [m],

¥i(0;(L) < r(d(L) +1);
or, by the definition of the latency function vector W,
6;(L)¢;(8;(L)) — (;(L) — 1) ¢5(d;(L) —=1) < (6k(L) +1) dp(dk(L) 4+ 1) — 0 (L) Pk (0x (L))
6;(L);(0;(L)) + k(L) ok (0r (L)) < (6;(L) —1) ¢;(0;(L) — 1) + (0x(L) + 1) dpe (61 (L) + 1) -

By Proposition 5.2, these are necessary and sufficient conditions for the minimization of the sum
> jeim) 07(L)#;(6; (L)) over pure assignments L. Since SC*(w, ®,L) = > jeim) 05 (L)@ (65(L)),
these are as well necessary and sufficient conditions for L to be an optimal pure assignment for

the instance (n, ®). The proof is now complete. |

We remark that Proposition 6.4 transfers [46, Corollary 2.7] from the continuous setting of

the Wardrop model to discrete routing games. Proposition 6.4 immediately implies:

Corollary 6.5 Consider the case of identical users. Assume that for each link | € [m],
the function x¢;(x) is convex. Then, an optimal pure assignment can be computed in time

O(mlgmlgn).

7 Computing Best and Worst Pure Nash Equilibria

In this section, we present some complexity results for the computation of best and worst pure
Nash equilibria. More specifically, we will consider the following two decision problems, which
are natural decision versions of corresponding optimization problems defined in [17] for the KP

model:

BEST PURE NE

INSTANCE: An instance (w, ®) and a rational number B > 0.
QUESTION: Is there a pure Nash equilibrium L with SC*(w, ®,L) < B?

35



WORST PURE NE

INSTANCE: An instance (w, ®) and a rational number B > 0.
QUESTION: Is there a pure Nash equilibrium L with SC*(w, ®,L) > B?

We will prove that both these problems are NP-complete even for the case of identical links
with an identity latency function. The proofs will use polynomial time transformations from the
original N'P-complete PARTITION problem [28] or its slight variant RESTRICTED PARTITION

that we define below.

PARTITION

INSTANCE: A finite set A of items with |A| > 2, and a size s(a) € NT for each item
ac A
QUESTION: Is there a subset A" C A such that >, 4 s(a) =3 ,c a4 5(a)?

RESTRICTED PARTITION

INSTANCE: A finite set A of items with |A| > 12, and a size s(a) € NT for each item
a € A such that s(a) < 23, c4 s(a).
QUESTION: Is there a subset A" C A such that > 4 s(a) = > ,c a4 5(a)?

Clearly, PARTITION reduces trivially to RESTRICTED PARTITION by padding the finite
set A in the instance of PARTITION with ten new items o’ with s(a’) = > .4 s(a). It is easy
to see that this trivial reduction is parsimonious; since #PARTITION (the counting version of
PARTITION) is #P-complete [47], it follows that #RESTRICTED PARTITION (the counting
version of RESTRICTED PARTITION) is also #P-complete.

We shall also consider the counting versions #BEST PURE NE and #WORST PURE NE of
BEST PURE NE and WORST PURE NE, respectively.

We start by proving:

Theorem 7.1 Consider the case of identical links. Then, BEST PURE NE is N'P-complete.

Proof: Clearly, BEST PURE NE € N'P. To prove N'P-hardness, we employ a polynomial
time transformation from RESTRICTED PARTITION to BEST PURE NE. Given an instance of
RESTRICTED PARTITION, we construct an instance (w, (m, ¢)) of BEST PURE NE as follows:
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e There are n = |A| + 2 users with

s(a), 1 <i <A
YT\ Beeat@ e (A 41,14 + 2}
2 ’ )

e There are three identical links with identity latency function ¢(z) = .

« B— <‘§1| + 2) S s(a).

Clearly, this is a polynomial time mapping. We prove that it is a transformation from
RESTRICTED PARTITION to BEST PURE NE.

Assume first that the instance of RESTRICTED PARTITION is positive, and consider a
subset A" C A such that 3, 4 s(a) = 3 ca\ 4 5(a). Use A’ to define a pure assignment L for
the constructed instance of BEST PURE NE as follows:

e For each item a; € A’ user i is assigned to link 1; for each item a; € A\ A’, user i is

assigned to link 2.
e Users |A| + 1 and |A| 4 2 are assigned to link 3.

We now prove that L is a (pure) Nash equilibrium for the instance (w,(m,¢)) of BEST
PURE NE with SC(w, (m, ¢),L) < B. Clearly,

91 (L)
Y aea Wi (by definition of L)
> a.ear s(ai) (by the mapping)
M (since the instance of RESTRICTED PARTITION is positive),

and similarly da(L) = M. On the other hand,

d3(L)

s(a .
Zie{\AH—l,\AHQ} % (by the mapping)

= ZaGA S(CL) .

Note that each user ¢ € [|A|] is assigned to either link 1 or link 2; thus, IC;(L) = 0;(L) =
d2(L). So, user i is satisfied in L. Note also that 1C41(L) = 03(L) = 61(L) + waj41 =
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52(11) + 'UJ|A|+1 and similarly |C|A|+2<L) = (53(L) = (51(L) + w‘AHQ = (52(L) + w|A|+2; SO users
|A| + 1 and |A| 4 2 are also satisfied in L, and L is a Nash equilibrium. Clearly,

SC¥ (w, (m,¢),L) = |A|- 6, (L) +2-d5(L)
_ |A|‘Zae,§5(a)+2‘zs(a)
a€A
A
<’2‘+2>§43(a)
= B.

So, the instance (w, (m, ¢)) of BEST PURE NE is also positive.
Assume now that the instance of RESTRICTED PARTITION is negative. So, for every
subset A" C A, 37 cu s(a) # Doeaar s(a). It follows that for every subset A" C A, either

Y oacar S(a) < M or > e aa s(a) < M (but not both).
We now prove that the instance (w, (m, ¢)) of BEST PURE NE is also negative. Consider
any arbitrary (pure) Nash equilibrium L for the instance (w,(m,¢)). We will prove that

SC* (w, (m, ¢),L) > B. We first show a preliminary property of L.

Assume, by way of contradiction, that users |A| + 1 and |A| 4+ 2 were assigned to the same
link in L. Say that link were link 3. Then, IC4;1(L) > wjaj41 + wjaj42 = 2,4 S(a). Denote
as A’ the set of users assigned to link 1; then, d1(L) = > 4 s(a). Assume, without loss of

generality, that )~ 4 s(a) < &5&_ Then,

1ICa+1)1 (L)
= Yaea (@) +wia
= Teusla)+ Zasg ™
< ZaEzéX s(a) + Zaegs(a)

= >acasa)
< ICjaj41 (L),

(by the mapping)

(by assumption)

so that user |A|+ 1 is not satisfied in L; this contradicts the fact that L is a Nash equilibrium.
It follows that users |A| + 1 and |A| + 2 are assigned to different links in L.
Assume, without loss of generality, that 01 (L) > d2(L) > d3(L). Clearly,

01(L) + 62(L) + 03(L) = > w

1€[n]

= 2 Zs(a),

acA
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which implies that

2
aL) > 2 > s(a).
acA
: _ _ ZaEA 8(0“) . .
Now, since w441 = w442 = =*<5—— and users |A|+1 and [A|+2 are assigned to different

links, it follows that there is a user ¢ € [|A|] assigned to link 1; by definition of RESTRICTED
PARTITION, it follows that w; < % > aca s(a). Since L is a Nash equilibrium, user i is satisfied
in L, so that

IC;(L) = (L)

< 3(L) +w;
< S+ > sla)
acA
Hence,
d3(L)
2 1(L) — § Xyeasla)
= (2-5) Yaeasla) = 2(L) — d5(L) (since 01 (L) + 02(L) + d3(L) = 23 ,c 4 5(a))
2 T Yaeasla) = 01(L) — d3(L) (since 01(L) > d(L))
> Y ,eas(a) =03(L) = 53, cas(a) = d3(L) (since 01 (L) < 03(L) + g Ypca8(a))

which implies that

> % s(a).
acA

d3(L)

Since there are |A| + 2 users and §;1 (L) > d2(L) > d3(L), it follows from the definition of Social
Cost that
SC* (w, (m, ¢),L)
(1A[ +2) - 03(L)
(141+2) - {5 Toeasla)

('g" +2> Saeasla) (since 4] > 12)

= B.

vV

v

V

So, the instance (w, (m, ¢)) is also negative. This completes the proof. [

Note that the reduction from RESTRICTED PARTITION employed in the proof of Theo-
rem 7.1 is parsimonious; since #RESTRICTED PARTITION is #P-complete, it immediately

follows:

39



Corollary 7.2 Consider the case of identical links. Then #BEST PURE NE is #P-complete.
We continue to prove:
Theorem 7.3 Consider the case of identical links. Then, WORST PURE NE is N'P-complete.

Proof: Clearly, WORST PURE NE € N'P. To prove NP-hardness, we employ a polynomial
time transformation from PARTITION to WORST PURE NE. Given an instance of PARTITION,
we construct an instance (w, (m, ¢)) of WORST PURE NE as follows:

e There are 3| A| users with

s(ai), i €lAll

w; = .
4|{4’ |A|+1<i< 3|4

e There are two identical links with identity latency function ¢(z) = =.

o B =3|A] (ZG@SS(C‘)Jr}l)

Clearly, this is a polynomial time mapping. We prove that it is a transformation from
PARTITION to WORST PURE NE.

Assume first that the instance of PARTITION is positive, and consider a subset A’ C A such
that }-,ca5(a) = > ,eaar 5(a). Use A’ to define a pure assignment L for the constructed
instance (w, (m, ¢)) of WORST PURE NE as follows:

e For each item a; € A’, user i is assigned to link 1; for each item a; € A\ A’, user i is

assigned to link 2.

e Each user i with |A|+1 < i < 2|A| is assigned to link 1; each user i with 2|A|+1 < i < 3|A]

is assigned to link 2.

We now prove that L is a Nash equilibrium for the instance (w, (m, ¢)) of WORST PURE NE
with SC* (w, (m, ¢), L) > B. Clearly,

o1(L)
> acar (@) + X0 ajp1<i<oa| ﬁ (by definition of L and the mapping)

_ S e sla) + 4
_ Zacgs(@) | 1 (by choice of A°)

40



and similarly

ZQGA S(CL) 1

9 1

Since 61 (L) = d2(L), all users are satisfied in L, and L is a Nash equilibrium. Since 3|A| users
are assigned to links and 1 (L) = (L), it follows that

do(L) =

SC*(w, (m,¢),L) = 3|4 -6,(L)

= 3A|.<Zae§l‘-°’(“)+i>

= B.
So, the instance (w, (m, ¢)) of WORST PURE NE is also positive.

Assume now that the instance of PARTITION is negative. So, for every subset A" C A,
D e 8(a) # Dgemas(a). It follows that for every subset A" C A, either 37 4 s(a) <
M or > seaar s(a) < M (but not both).

We now prove that the instance (w, (m, ¢)) of WORST PURE NE is also negative. Con-
sider any arbitrary pure Nash equilibrium L for the instance (w, (m,¢)). We will prove that
SC* (w, (m, ¢),L) < B.

Denote as A’ the set of users assigned to link 1. So, A\ A’ is the set of users assigned to link
2. Assume, without loss of generality, that > . 4 s(a) < M. Then, > e\ 4 s(a) >
M, so that 3 ,c 4\ 4 8(a) =D e ar s(a) = 1. We first show a preliminary property of L.

Assume, by way of contradiction, that some user ¢ with |A| +1 < i < 3|A| is assigned to
link 2. Then,

1Cx (L)
= d2(L)
= Dacarar (@) +wi
> Soen (@) + 14w,
> D aear $(a) + X0 app1<n<sa) S(@) Fwi (since 3o 441 <p<pia) 5(a) = %)
> 91 (L) + w;
= IC;1 (L),

which implies that user 7 is not satisfied in L; this contradicts the fact that L is a Nash
equilibrium. It follows that all users ¢ with |A| + 1 < i < 3|A| are assigned to link 1 in L, so
that
61(L)
= D aca sla) +2|A] ﬁ (by the mapping)

= Yewsla)+ i

41



For each link j € [2], denote as n; the number of users ¢ with a; € A that are assigned to

link j in L. Clearly, Zje[Q] nj = |A|. So, it follows from the definition of Social Cost that
SC(w, (m,¢), L)

= (n1 + 2|A|)d1 (L) + na2da (L)

= (24D (Soen (@) + §) + 12 (Toeara 5(0))

< 20A(Saea s@+F) + (1 +12) (Locaas@)  (since Xy s(a) + § < Xyena ()

= 24 (Teeasl@) + ) + 141 (Zoeara 5(0))

= A (Tuen 5(0) + Lacaa (@) + 141 Z e s(a) + 4]

= Al X aeas(a) + 1Al X ar s(a) + 4]

< |A[ > e s(a) + [4] (Zaegs(a) - %) + | A (since -, c a0 8(a) < M - %)
- sla) (Zasg > 4 f)
< B.

So, the instance (w, (m, ¢)) of WORST PURE NE is also negative. This completes the proof. m

Note that the reduction from PARTITION employed in the proof of Theorem 7.3 is parsi-
monious; since #PARTITION is #P-complete [47], it immediately follows:

Corollary 7.4 Consider the case of identical links. Then #WORST PURE NE is #P-complete.

8 Epilogue

We have introduced discrete routing games combining features from two of the most prominent

models for non-cooperative routing, namely the KP model [30] and the Wardrop model [50].

e We presented a thorough analysis of fully mixed Nash equilibria for discrete routing games.
In particular, we proved that, for the case of identical users, the Social Cost of any Nash
equilibrium is bounded by the Social Cost of the fully mixed Nash equilibrium. Moreover,
we derived a characterization of instances admitting a fully mixed Nash equilibrium, and

we proved that a fully mixed Nash equilibrium may exist only uniquely.
e We presented upper bounds on the Price of Anarchy for the case of identical users.

e Still for the case of identical users, we showed that a pure Nash equilibrium can be

computed efficiently. For the case of arbitrary users, we proved that computing the best
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or the worst pure Nash equilibrium is already N P-complete even for identical links with

an identity latency function.

We conclude with a collection of interesting open problems about discrete routing games.

1.

Extend the results about uniqueness and existence of the fully mixed Nash equilibrium
(namely, Theorems 4.6 and 4.10) from the case of identical users to the case of arbitrary

users. In particular, what are the analogs of dead links and special links for such extension?

. Prove or disprove the FMNE Conjecture for discrete routing games.

. Obtain bounds on the Price of Anarchy for the case of arbitrary users and identical links

with a monomial latency function. (This will extend Theorem 5.1.)

. Obtain bounds on the Price of Anarchy for the case of arbitrary users and arbitrary links

with a polynomial latency function. (This will extend Corollary 5.4.)

. Is the fast algorithm we presented in Section 6 to compute a pure Nash equilibrium (for

the case case of identical users and arbitrary links) optimal? We note that there are no

known lower bounds for this problem.

. Is there a PTAS for either BEST PURE NE or WORST PURE NE? We know that there

is a PTAS to compute a best pure Nash equilibrium for the KP model [14]. (This PTAS
employs known approximation algorithms to compute an optimal pure assignment [27];
the so called Nashification technique is then applied on that to transform it in polynomial

time into a pure Nash equilibrium with no increased Social Cost.)
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