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Abstract. We generalize a question of Büchi : Let R be an integral domain and
k ≥ 2 an integer. Is there an algorithm to solve in R any given system of polynomial
equations, each of which is linear in the k−th powers of the unknowns?

We examine variances of this problem for k = 2, 3 and for R a field of rational func-
tions of characteristic zero. We obtain negative answers, provided that the analogous
problem over Z has a negative answer. In particular we prove that the generalization
of Büchi’s question for fields of rational functions over a real-closed field F , for k = 2,
has a negative answer if the analogous question over Z has a negative answer.

1 Introduction

Given any k = 2, 3, . . . , we will call Büchi’s question for k (for short Bq(k)) the
following question

Question 1.1 (Bq(k)) Does there exist an algorithm to determine, given m, n ∈ N,
A = (ai,j)i,j ∈ Mm,n(Z) and B = (bi) ∈ Mm,1(Z), whether there exist x1, ..., xn ∈ Z
satisfying the equations

n∑
j=1

ai,jx
k
j = bi, i = 1, . . . ,m?

J. Richard Büchi asked the question for k = 2 and this was publicized by L. Lipshitz
in [11]. The problem was investigated by Joseph Lipman and Barry Mazur (cf. [13])
and Paul Vojta proved that a conjecture of Serge Lang implies a negative answer to
it (we discuss this below). In fact Vojta’s result gives a negative (conditional) answer
to the analogous question in which we require solvability in the field Q of rational
numbers.

We generalize Bq(k) to arbitrary integral domains as follows : Assume that R is
a commutative ring with a multiplicative unit, C is a finitely generated subring of R,
k ∈ Z and k ≥ 2.

Question 1.2 (Bq(k,R, C)) Does there exist an algorithm to determine, given m,n ∈
N, A = (ai,j)i,j ∈ Mm,n(C), B = (bi) ∈ Mm,1(C) and a subset I ⊂ {1, ..., n}, whether
there exist x1, ..., xn ∈ R satisfying the equations

n∑
j=1

ai,jxj = bi, i = 1, . . . ,m

and subject to the conditions: for i ∈ I, xi ∈ {yk : y ∈ R}?
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If R = Z, it is trivial to see, using linear elimination, that Bq(k,Z) is equivalent to
Bq(k).

Fix a field F of characteristic zero and let F (t) be the field of rational functions
in the variable t, with coefficients in F . In this paper we deal with questions of type
Bq(k, F (t),Z[t]) for k = 2 and 3. One of our results, is that if F is a real-closed field
then, if Bq(2) has a negative answer then Bq(2, F (t),Z[t]) has a negative answer as
well.

Some of the questions that we answer are similar to Question 1.2 but allowing
additional conditions, of the forms x ∈ F and x(0) = 0 (the value of x at t = 0 is 0).

It is convenient to use the terminology of Logic. Let k ≥ 2 be an integer. Let Lk,Z[t]

be the set of symbols (called a language) {+, Pk}∪Z[t] with symbols for addition in F (t)
(+), the predicate Pk which is interpreted in F (t) as Pk(x) ↔ ∃y ∈ F (t)(x = yk) and
symbols for each element of Z[t]. A quantifier-free formula of Lk,Z[t] is a disjunction
of systems of linear equations of the type occurring in Question 1.2, together with
conditions of the form Pk(xi). A positive-existential formula of Lk,Z[t] is a formula
of the form ∃yφ(x, y) where φ is a quantifier-free formula of Lk,Z[t]. A subset of a
power of F (t) that can be defined by a positive-existential formula is said to be positive
existentially definable. Since the quantifier ∃ distributes over ∨ (the conjunction or) it
is easy to see that the unions and intersections of positive-existential sets are positive-
existential. The positive-existential theory of F (t) in the language Lk,Z[t] is the set of
all positive-existential formulas of Lk,Z[t] which are true over F (t). In this terminology,
Question 1.2 is equivalent to

Question 1.3 Is the positive existential theory of F (t) in the language Lk,Z[t] decidable?

Let Lk,Z[t],Con,ord be the augmentation of Lk,C by the predicate ‘Con’ which is in-
terpreted as ‘Con(x) ↔ x ∈ F ’ and by the predicate ‘ord’ which is interpreted as
‘ord(x) ↔ x(0) = 0’. The languages Lk,Z[t],Con and Lk,Z[t],ord are the restrictions of
Lk,Z[t],Con,ord by deleting the obvious predicate symbols. Our main results are :

Theorem 1.4 Let F be a field of zero characteristic and let t be a variable. Then
(a) The ring of integers Z is positive-existentially definable over F (t) in the language

L2,Z[t],Con,ord; consequently if Bq(2) has a negative answer then the positive-existential
theory of F (t) in the language L2,Z[t],Con,ord is undecidable.

(b) Assume that F is a real field. The ring of integers Z is positive-existentially de-
finable over F (t) in the language L2,Z[t],Con; consequently if Bq(2) has a negative answer
then the positive-existential theory of F (t) in the language L2,Z[t],Con is undecidable.

(c) Assume that F is a real-closed field. Then Z is positive-existentially definable
over F (t) in the language L2,Z[t]; consequently if Bq(2) has a negative answer then
Bq(2, F (t),Z[t]) is undecidable.

Theorem 1.5 Let F be a field of zero characteristic, let t be a variable and let ξ be a
primitive cube root of 1. Then

(a) The ring of integers Z[ξ] ∩ F is positive-existentially definable over F (t) in the
language L3,Z[t],Con,ord; consequently if Z[ξ] ∩ F = Z and Bq(3) has a negative answer
then the positive-existential theory of F (t) in the language L3,Z[t],Con,ord is undecidable.

(b) Assume that F contains a real-closed field. Then the ring of integers Z is
positive-existentially definable over F (t) in the language L3,Z[t],ord. Hence if Bq(3) has
a negative answer then the positive existential theory of F (t) in the language L3,Z[t],ord

is undecidable.
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It is obvious that Bq(k,R, C) is a sub-problem of the “diophantine problem” for
R with constants in C, that is the question whether there exists an algorithm which
decides, given a system of polynomial equations in several variables and with coefficients
in C, the solvability of this system over R. So far Bq(k,R, C) is open for all k and
for any (R,C) whose diophantine problem is known to be undecidable; such is the case
for fields of rational functions F (t) with F being either a real field or a finite field (see
[3], [14], [20], [23] and [25]). Open is the problem whether the diophantine problem for
C(t) is decidable (and similarly for any F (t) with F algebraically closed). For more
results and questions in this direction the reader may consult [8], and the surveys in
[16] and [21]. For two examples of decidability results see [6] and [19].

Our methods of proof apparently do not generalize to values of k other than k = 2, 3.
In Section 2 we present a number theoretical problem which, if answered positively,

will imply a negative answer to Bq(k). It is a generalization of the “n squares problem”
(or Büchi’s problem) of [11] and [24].

2 The “n k−th powers problem”

Definition 2.1 Let y = (yi)
n
i=0 be a sequence of complex numbers. We call the differ-

ence sequence of y the sequence ∆(y) = (∆(y)(i))i=0,...,n−1 defined by ∆(y)(i) = yi+1−yi.
The k−th difference of y, denoted ∆(k)(y) = (∆(k)(y)(i))i=0,...,n−k, is defined recursively
by ∆(1)(y) = ∆(y) and ∆(k+1)(y) = ∆(∆(k)(y)).

Let k ∈ Z, k ≥ 2. Let R be any integral domain of characteristic zero. It is easy
to see that for any x ∈ R, the l−th difference ∆(l)(p(x, k)) of the sequence p(x, k) =
((x + i)k)i=0,...,k, for l ≤ k, is a sequence of polynomials in x, of degree k − l, with
integer coefficients which depend only on k and l. Observe that ∆(k)(p(x, k)) is a
1-term sequence. We define the constant λk by

∆(k)(p(x, k)) = (λk).

We can formulate the ‘n k−th powers problem’ (or ‘Büchi’s problem for k’).

Problem 2.2 Let k be a rational integer with k ≥ 2. Is there a natural number n such
that for any sequence of natural numbers (xi)

n
i=0 which satisfies

(2.2.1) ∆(k)(xk
i )

k
i=0 = λk

is such that, for each i = 0, . . . , n− 1, ±xi+1 = xi + 1?

For k = 2, (2.2.1) gives x2
i+2 − 2x2

i+1 + x2
i = 2 and for k = 3 it gives x3

i+3 − 3x3
i+2 +

3x3
i+1 − x3

i = 6. It is obvious from the above observations that if xi+1 = xi + 1 then
relation (2.2.1) holds. In fact for k = 2 more is known.

Lang’s Conjecture [10, Conjecture 5.8] Let X be a smooth projective algebraic variety
of general type, defined over a number field M . Then there exists a proper Zariski-closed
subset Z of X such that for all number fields K containing M , X(K)−Z(K) is finite.

Define Xn to be the projective subvariety of Pn cut out by the homogenizations of
equations (2.2.1) for k = 2.
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Theorem 2.3 [24, Theorem 0.5] If Lang’s Conjecture holds for some Xn(Q) then the
n 2−nd powers problem has a positive answer.

In fact the proof of Vojta shows that, assuming Lang’s conjecture, equation (2.2.1)
for k = 2 has only the solutions ±xi+1 + 1 = ±xi over Q. At this point we have no
further evidence in favor of a positive answer to Problem 2.2. In [11] it is shown that a
positive answer to the n 2−nd powers problem implies a negative answer to Bq(2). A
similar argument holds for k−th powers. We present it for the sake of completeness.

Lemma 2.4 Let k ≥ 2 be a rational integer. If the n k−th powers problem has a
positive answer then multiplication is positive existentially definable in Lk,Z over Z and
the positive existential theory of Z in the language Lk,Z is undecidable, thus Bq(k) has
a negative answer.

Remark 2.5 If the n k−th powers problem has a positive answer over Q then one
obtains a result similar to that of Lemma 2.4 for Q. But undecidability does not follow
from current knowledge : the analogue of Hilbert’s tenth problem for Q is an open
problem.

Remark 2.6 It seems plausible that the n k−th powers problems may have a positive
answer even over rings such as a ring of integers of a number field, Z[t] or Q(t). But
it is obvious that it has a negative answer over any ring containing the field R of real
numbers. Therefore, the undecidability results of Theorems 1.4 and 1.5 for fields such
as R(t) requires other techniques.
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